In this work, we first introduce the concept of approximate sequence and establish some new convergence theorems for approximate sequences. By applying our new convergence theorems, we obtain new best proximity point theorems which improve and generalize some known results in the literature. As applications, some simultaneous generalizations of common fixed point theorems of Banach type, Kannan type and Chatterjea type are given.
Introduction and preliminaries
Let X be a nonempty set. A point v in M ⊂ X is said to be a fixed point of a mapping T : M → X if T v = v. The set of fixed points of T is denoted by F(T ). It is known that many problems in nonlinear sciences can be reformulated to the problem of finding a fixed point for a certain mapping. However, as far as we know that the equation T x = x is not necessarily to have a solution for some mapping T : M → X. In such a situation, we will therefore turn to discover an element x ∈ M such that d(x, T x) is minimum and call the x is the best approximation of the fixed point of T .
Let A and B be nonempty subsets of a metric space (X, d). A mapping T : A ∪ B → A ∪ B is called cyclic if T (A) ⊆ B and T (B) ⊆ A. The concept of cyclic mapping was introduced by Kirk, Srinavasan and Veeramani [17] in 2003 to improve the celebrated Banach contraction principle [2] . We denote the distance of the nonempty subsets A and B of X by dist(A, B) = inf{d(x, y) : x ∈ A, y ∈ B}.
A point x ∈ A ∪ B is called to be a best proximity point for a cyclic mapping T : A ∪ B → A ∪ B if d(x, T x) = dist(A, B). The best proximity point theory have been studied and investigated heavily by many authors; see, e.g., [1, 6, [13] [14] [15] [17] [18] [19] [20] [21] and references therein. Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively.
In 2016, Du introduced the concept of MT (λ)-function [6, [8] [9] [10] [11] [12] as follows.
In [6] , Du established the following useful characterizations of MT (λ)-functions; see also [5, [8] [9] [10] [11] [12] . (1) µ is an MT (λ)-function.
(2) For any nonincreasing sequence
In this work, we first introduce the concept of approximate sequence and establish some new convergence theorems for approximate sequences. By applying our new convergence theorems, we obtain new best proximity point theorems which improve and generalize some known results in the literature.
As applications, new simultaneous generalizations of common fixed point theorems of Banach type, Kannan type and Chatterjea type are given. Consequently, our new results are completely original and quite different from the well known generalizations in the literature.
Best proximity point theorems for approximate sequences
In this paper, we first introduce the concept of approximate sequence. (a) one of the following conditions holds:
for all n ∈ N.
Now, we establish a convergence theorem for approximate sequences.
Theorem 2.1. Let A and B be nonempty subsets of a metric space (X, d) and
Proof. Since {x n } n∈N ⊂ A ∪ B is an approximate sequence with respect to ϕ, we may assume, without loss of generality, that {x 2n−1 } n∈N ⊂ A, {x 2n } n∈N ⊂ B and it holds that
It is obvious that (2.1) shows that the sequence {d(x n , x n+1 )} n∈N is nonincreasing in [0, ∞). So we know
Since ϕ is an MT -function, by Theorem 1.1 with λ = 1, we obtain
Taking n = 1 in (2.1), we have
Taking n = 2 in (2.1) and using (2.3), we obtain
Continuing this process, we obtain
Due to ξ ∈ [0, 1), we obtain lim n→∞ ξ n = 0. By taking the limit as n → ∞ in (2.4), we get lim
Finally, we complete our proof by combining (2.2) and (2.5).
Theorem 2.2. Let A and B be nonempty subsets of a metric space (X, d) and T, S : A∪B → A∪B be two mappings. Define a mapping G :
Suppose that
for all x ∈ A and y ∈ B.
Let x 1 ∈ A be given. Define x 2n = T x 2n−1 and x 2n+1 = Sx 2n for all n ∈ N. Then {x n } n∈N ⊂ A ∪ B is an approximate sequence with respect to ϕ and
Proof. By (H1), we know {x 2n−1 } n∈N ⊂ A and {x 2n } n∈N ⊂ B. By (H2), we have
where
If ϕ(d(x 1 , x 2 )) = 0, then, from (2.6), we have
and hence
By (2.6) and (2.7), we get
By (H2) again, we have
Following a similar argument as above, we can obtain
So, by induction, we obtain that the sequence {x n } n∈N satisfies
for all n ∈ N. Therefore we prove that {x n } n∈N ⊂ A ∪ B is an approximate sequence with respect to ϕ. By applying Theorem 2.1, we get
The proof is completed.
The following conclusions are immediate from Theorem 2.2.
Theorem 2.3. Let A and B be nonempty subsets of a metric space (X, d) and T : A∪B → A∪B be a cyclic mapping. Define a mapping L :
Suppose that there exists an MT -function ϕ :
Then there exists a sequence {x n } n∈N ⊂ A ∪ B such that 
for all x ∈ A and y ∈ B,
Let x 1 ∈ A be given. Define x 2n = T x 2n−1 and x 2n+1 = Sx 2n for all n ∈ N. Then {x n } n∈N ⊂ A ∪ B is an approximate sequence with respect to ϕ and lim
Applying Theorem 2.2, we give an existence theorem for best proximity points. Then the following statements hold. Proof. First, we prove (a). Let x 1 ∈ A be given. Define x 2n = T x 2n−1 and x 2n+1 = Sx 2n for all n ∈ N. By Theorem 2.2, we know that {x n } n∈N ⊂ A ∪ B is an approximate sequence with respect to ϕ and
By our hypothesis, {x 2n−1 } has a convergent subsequence {x 2n j −1 } and x 2n j −1 → v as j → ∞ for some v ∈ A. By (H3), we have
for all j ∈ N. Since x 2n j −1 → v as j → ∞, by taking the limit as j → ∞ in (2.9) and using (2.8), we get
and (a) is proved. The conclusion (b) can be verified by using a similar argument as the proof of (a). The proof is completed. 
Applications to fixed point theory
By applying Theorem 2.1, we establish the following new fixed point theorem which simultaneously generalizes and improves Banach contraction principle [2], Kannan's fixed point theorem [16] and Chatterjea's fixed point theorem [3] .
Theorem 3.1. Let (X, d) be a complete metric space and T, S : X → X be two selfmappings. Define a mapping G :
Suppose that there exists an MT -function ϕ : Let x 1 ∈ A be given. Define x 2n = T x 2n−1 and x 2n+1 = Sx 2n for all n ∈ N. By Theorem 2.2, we know that {x n } n∈N ⊂ A ∪ B = X is an approximate sequence with respect to ϕ. So we have
2) Since ϕ(t) < 1 for all t ∈ [0, ∞), (3.2) shows that the sequence {d(x n , x n+1 )} n∈N is strictly decreasing in [0, ∞). By Theorem 1.1 with λ = 1, we obtain
For any n ∈ N, by (3.2) again, we have
Hence, by (3.3), we get x 2 ) , n ∈ N. For m, n ∈ N with m > n, we get from (3.4) that
Since γ ∈ [0, 1), lim This proves that {x n } n∈N is a Cauchy sequence in X. By the completeness of X, there exists v ∈ X such that x n → v as n → ∞. In order to finish the proof it is sufficient to show v ∈ F(T ) ∩ F(S). By (3.1), we have
for all n ∈ N. By taking the limit as n → ∞ on both sides of the last inequality, we get
which implies d(v, T v) = 0. So we obtain v ∈ F(T ). On the other hand, By (3.1) again, we obtain
which deduces v ∈ F(S). Hence F(T )∩F(S) = ∅. We claim that F(T )∩F(S) is a singleton set. Assume that there exist u, v ∈ F(T ) ∩ F(S) with u = v. By which leads a contradiction. Therefore F(T ) ∩ F(S) is a singleton set which means that T and S have a unique common fixed point in X. The proof is completed.
The following new fixed point theorem is also a simultaneous generalization of Banach contraction principle, Kannan's fixed point theorem and Chatterjea's fixed point theorem. for all x, y ∈ X. Then T admits a unique fixed point in X and for any u ∈ X, the sequence {T n u} n∈N∪{0} converges to the unique fixed point of T (here, T 0 = I is the identity mapping). 
